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CORRECTION OF TEE LIFTIEG-LINE THEORY

FOR TEE XFFECT OF TH3 CHORD

By Robert T. Jones

SUMbfARY

It is shown that a simple correction for the chord of
a finite win= can be deduced from the three-dimensional.
potential flow around an elliptic plate. When this flow is ““

..———

compared with *he floiY around a section of an endless plate ,
it is found that the ed~e Velocity is reduced by th”e factor”
l/E, ,where E“ is the ratio of the semiperimeter to the
span . Applyine this correction to the circu.latio.n brings

.-

the theoretical lift into closer a6reement with experiments. ..k..... —...-.~..-—-

INTRODUCTION -.

Althoubh a number o? simple, exact Solutions ox~s.t
for the two-dimensional potential flow around wing sec-

tionsj thero are no corresponding SQIUtiOnS that are d~”- ‘- ‘.
rectly applicable to the three-dimcnsiohal p.roblcms It. has
conseq-iontly %eon necessary to emplo~ approximate correc-
tions to the two-dimensional theGry”in its application tQ

..—+

a wing of finite aspect ratio.. Tho correction commonly
used is that introduced %1- Prandtl and is knonm as tho
liftin~-li.nc theory. In this theory, the finito span of
the wisG is taken into account but the lift and hens tho
chord are assumed. to “Da concentrated along a sin~lo line.

In the present qaper it is s’kown that a slmplc approx-
imate correction for th~ chord can bo deduced fdoti the
three-dimensional fIOW around an elliptic plzte.

-. -. ——
..-
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CORRECTION OF THX LIFTING-LINE THEORY

FOR THE! EIPFECT OF THE CHORD-

In the wing-section theory, the relation betvveen the
lift and the normal Velocity of t%= section is established
by the Kutta condition, whereby the magnitude of the cir-

.

culatioq, and hence of the lift, depends directly on the
edge Velocity induced ~y the relative normal motion of the #
section. ,“

In the application of the lifting-line theory, the
relat~ve normal velocity of the wing section is corrected
for the downflo~~ induced by the wake. It is assumed that
the effectiof’ a given normal ‘Velocity O: the wing section.
in producing lift iS the same as that for a section of an

—

infinite wing, as long as the corrected normal velocity ..
compute~ from ~ho downwash is used. This assumption. is 4
expressed %y t’ho equation:

1’
,.,.

CL =21-r(cx- /..Cq,} ‘1. . -..” (1) .“

whore CL is the lift coefficient, 2n iS th~, slope “of
ihc lift curve of a thin wing.for fnfinito aspect ratio,
a is th~ angle of attack of the section, and ~ is t>o.
induced anglo of downflow.

It may be shown %y tihe yotontial-flo~v. thp.g!;’t.gat.the. _ ___
Velocit<y near tho edge of a finite elliptic plate is less .
than the velocity near the ed~es of an endless plate. The
ratio of the edge velocities in potential flow is found
(see the appendix) to he 1/33, where E is the ratio of’
the. s~miperimeter to the spa-. ?3encei the circulation re-
quired h~’ the finite ellipti~ plate is expected to be

*

less than that required” bI~ the infinite plate in this ratio.
The corrected formula for the lift is then h

2~ (CL- C@CL = –m (2)

---

This correction “may TO ~if-en a physical intarprctavion
b?’ considering that with a finite plate the fluid has .a

+

longer edge around which to escape agd that the volocit~
is less in inverso proportion to the length o,f the edge.

&

The rule is not exact for plan forms other than the ellip-
tical ones. Also , it v:ill ‘be noted that” tkw form of the <:

:-
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circulation in three dimensions is assumed similar to that

in two dimensions. Because this similarity has not been
proved for the elliptic plate, equation (2) must be con-
sidered simply as a first correction to” the lifting--line ‘-
theory for the effect of the chord.. — .- .

According to the liftin6-line theory, for elliptic
loading,

ai = q

ml
—. .—

.-

where A is the aspect ratio.- Substitution of this value .; ,
into equation (2) gives: - .- --.-

. -.— .—— . ... _

dCL a~ A. “—=
da.

‘“+ “’;”’--$

- *-fC...
..-. xA+2-

,.

. .
/

. ,’
.:

,

*

.

The more acctirate correction f~r the aspect ratio is there-
fore A/(EA + 2) rathe~ than A~A-E 2), which has ~e~n
used heretofore.

.-.
.“ ,..-.

Figure 1 sho.:s that this simple correction for~-the,
.--..-~

chord-brings the lifting-line theory into cl”oser &“&re&~@~~
with the results obtained” ‘my BZenk for a rectangular wing
(reference 1) and by Krienq& (reference 2) , who used the

-.

more complex analysis of lifting-surface theory. -. .-.
It is found that the additio~al correction for the

chord account’s for an appr~ciable fraction ‘of the 10SS in
—

lift that has been attributed tO Vi.gcosity.
=

Metisu”rcii-ti”riks---”- .-
made on wings of aspect ratio -5 grid corrqct.ed %y the lifting-
~inO theory have led to the conc~~~i-on that th-e lift-cu~~e
slope in two-dimensional flQW is about 52.7, ,a~alue th~~ is - “:
onlY 85 pqrcont of t-ho slope -predicte& hr the win-g-sti”ctlon
theory for moderately thick airfoils. At the saa”e-time,

.——-——..-.—_

howevar, experiments in ~~hich two-dimension.ml flow has bean
closely simulated (rifer~~co 3) have sh~~n SIOpQS” 6“dnsis”t-
cntly closer to the theoretical than wero obtained %Y ap-
p~ying the conventional correction to the Values maagurod ;
on wings of finito tispect ratio. 5!he modified “cor-rection
‘Drings the standard wind-tunnel experiments (A = G) into ‘“’
agreement with the tests reported fn reference 3 and a-lTs_o - ‘
accounts for about one-third of the dis~rep”anc~ ‘~e-tween- –+

them and the theory. The,&reater part of the loss of lift
is presumabl;~ due to ac imperfection of the il”ow ii aatis-

—-
.-

~Ying t-he Kvtta. co~d3t$on*
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Since the Kutta condition plays such ti~.important
part in the wing theory aud since i~ti applicability depends
on t-he existence of a sharp trailing e@e, it is of inter-
est to note the actual effect of changes in the slope of
the wing near the trailing edge. This effect is illus-
trated in figure 2. As pointed out 3Y Munk, tho airfoil
with the thick, wedge-shaped trailing edge (NACA 0012-65,
reference 4) shows a aonsidera%ly smaller lift than cio con-
ventional wings. On the other hand, the lift of tho wing
with a this, sharp edge (NACA 0012-F0, reference 5) attains
nearly its theoretical Value an’d if-corrected to izlfinito
span, would exaeed the value 2Tr for the flat plate.

Langley Memorial Aeronautical_La-ooratory,
National Advisory Committee for.Aeronautics,

Langley-Field, Vs., June 9, 1941

.

.

The pro’blem of tho fluid motion produced by transla-
tion of a solid oliipsoid \7as-first SOIVOd by. Groon in an.
investigation of the vihratiou of pendulums. FornuZas for
this problem Liven in text%ooks on hydrodynamics become
indeterminate when applled to the case of an elliptic disk.
The following short discussion is therefore presented to
show the application to the present problem.

As explained in reference 6, the surface potential of .
an ellipsoid can bo given by a very. simple :ormula. For
motiofi alonG a principal aXis, the potential at any p?int
on the surface is proportional to the coord$na.te of the .

point in the direction of motion.
T-.—

Thus , i.- the ellipsoid
with semiaxes a>b>c along x, yi and Z* rospective--
~y, is movinG with unit velocity i.n the di,rcction of z, .

the surface potential””ic simply

The eq,uipotential lines are the similar ellipses formed br
the intersection of tho ellipsoidal surface with a series
of equidistant pnrallol planes perpendicular to The

.
z.

constant C depends on the axis ratio and its evalwt~on
involves a speci~l class of transcendental functiQn known._ “1
as Greerits Integrals. The sol~~ion for th~ s~rface poten-
ticl zpye~.rs in the form:

4
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$= F:yz

m

5

(4-)

Y.. J=at)c — d.A—— .——

0 (c=+ A) (Eta +’ ~} (ba + ~) (C2 + A)

is Greents integral.

The reiuction of these intetirnls to the standard el-
liptic functions is given in reference 6. Folloring equa-
tion (5.1) 05 reference 6 and substituti~g A = O, ‘in
order to restrict the sOl-itiOn to the surface of the e2-

.

lipsoid, Gill give

where X is the completo t311iptic intf3grr.1 with the-modu- ____

Ills k = m. -The integral E is equal to” the- ‘“ ‘“-
a—.

perimeter of a %~drant of the ellipse all divide d j-y th”8-
semiaxis a. (See reference 7.)

As c--+-o

Ye—+ (21-5E
)

Since equation (4) becomes indeterminate (z~O and

YO --+-2), it is necessary to express the solution in i~rns
of x and v

.—
.x%ich are related to z thro%-h the oq,ua-

tion of the ‘&{lipsoidal surface: ..-

or

11
X2 ygz = 0 --—”

a2 ?J2

(5)

“(6)

Substitution for Y. and z in equation (4) gives
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(7)

(8)
●

Eonce the distribution of’ the surface potontial ovor
the disk ma~ %G rcpresentod by t~~ ordinates of a circum-

!
.-:

scribed ellipsoid ha-rinG the vertical axis ‘> “
E

For infi-

n.ito axis ratio, II = 1 and the chordwiso cross sections
of tht> Fotontial distribution aro circles of radius b.

Cose = z (9)
n-

Y~

whore

disk.

whi Ch

f“
—

1
~2

- --

a2
is the ordinate of the edEe of tho

Then, fron equat-ion (8),

$
~?~

. -E- sin Q (lo)

is the potential function of t~e t-we-dimensional case
except for the factor l/Ii. It follows then that the edge
~clocit~~ is also reduced f’ron t-hat in t]?o-dinen~ional flow
~y ij~e factor l/Ei.
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Figure 2.- E~erirnental and theoretical lift-curve slopes. Aspect
ratio, 6.


